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1 Introduction

Back in the 1940s the computer was invented. However, these machines were
quite different from the computers we use today. They accepted a fixed string
as input and produced output by means of a specific batch process. Thus, input
was separated from the output. The theory of automata and formal language
was devised to provide models of these systems to reason about them and even
turned out to provide powerful models of computation in general.

Nowadays, computers are systems that interact with us but also each other;
they are reactive systems. They no longer operate using a given procedure and
are systems where output is no longer separated from the input; a single click
can be the input and the result can be non-deterministic. For example, a search
query on Google leads to different results every time.

Concurrency theory provides a model of computation similar to the model
given by the theory of automaton and formal language, but focuses more on
interaction. Concurrency theory has been split of the classical automaton theory
a few decades ago and began its on separate development and deals with system
in a concurrent setting.

The goal of the project is to investigate the integration of the two theories.
The attempt reveals the differences and similarities between them. We use
analogies to make the integration explicit. For example we study the pushdown
automaton and Turing machine in a process-theoretic setting. The attempt
at integration hopefully increases the understanding of both theories. This
also has a practical side. The result can be integrated into one course in the
undergraduate curriculum, providing students with an increased understanding
of concurrent, reactive systems.

In this work we study three levels in the Chomsky hierarchy: we study the
notation of a regular process, a pushdown process and a computable process.
We look at process-theoretic analogies of classic results from automata theory
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(see also [10], [11]) and see if they still hold and if not, what extra conditions
are needed to make it hold. In our work we consider the process algebra TCPτ

and several fragments; refer to [1] for details. We also use structural operational
semantics [13] to associate labelled transition systems to the process expressions.

Given a set of a (possible infinite) labelled transition system, we can divide
out different equivalence relations on this set. Dividing out language equiva-
lence throws away too much information, as the moments where choices are
made are totally lost, and behaviour that does not lead to a final state is ig-
nored. An equivalence relation that keeps all relevant information, and has
many good properties is branching bisimulation as proposed by Van Glabbeek
and Weijland [9, 6]. For a detailed definition and motivations to use branching
bisimulation as the preferred notation of equivalence, see [7]. Note that in be-
tween language equivalence and bisimulation equivalence, there are also several
other equivalence relations (see [8]).

2 Regular Processes

A computer with a fixed-size, finite memory is just a finite control. This can be
modelled by a finite automaton. In automata theory the finite automaton has
a central place. Finite automata accept so-called regular languages: language
equivalence classes of a finite automaton.

In our work, we relate a finite automaton to a (regular) process given by a
finite recursive specification over a subtheory of TCPτ , called BSPτ , which only
allows for deadlock, successful termination, action prefixing and choice.

This can be viewed as the process-theoretic counterpart of the result from
the theory of automata and formal languages that states that every language
accepted by a finite automaton is generated by a so-called right-linear grammar.
We define a regular process as a bisimulation equivalence class of a finite, non-
deterministic automaton.

Note that unlike in automata and formal language theory where every lan-
guage can be given by a regular expression, not every regular process is given
by a regular expression, see [3].

3 Pushdown and context-free processes

As an intermediate between the notions of Finite Automaton and Turing Ma-
chine, the theory of automata and formal languages treats the notion of push-
down automaton, which is a finite automaton with a stack as memory.

We consider the process-theoretic version of the standard result in the the-
ory of automata and formal languages that the set of pushdown languages co-
incides with the set of languages generated by context-free grammars. As the
process-theoretic counterparts of context-free grammars we consider recursive
specifications in the subtheory TSPτ of TCPτ , which is obtained from BSPτ by
adding sequential composition.

2



That the notion of TSPτ recursive specification naturally corresponds with
with the notion of context-free grammar is confirmed a theorem. We define a
pushdown language as the language of the transition system associated with a
pushdown automaton, and a pushdown process as a branching bisimilarity class
of labelled transition systems containing a labelled transition system associated
with a pushdown automaton.

When considering language equivalence, the class of pushdown languages
coincide with the class of context-free languages. This is not the case when
considering branching bisimulation. In fact, we show that there are pushdown
processes that are not recursively definable in TSPτ , and that there are also
TSPτ recursive specifications that define non-pushdown processes can be de-
fined. We present a restriction on pushdown automata and a restriction on
TSPτ recursive specifications that enable us to retrieve the desired equivalence:
we prove that the set of so-called popchoice-free pushdown processes corresponds
with the set of processes definable by a transparency-restricted TSPτ recursive
specification.

For a different approach that requires none of the above restrictions, see [4].
However, note that it does require to drop the branching bisimulation equiva-
lence in favour of a weaker equivalence called contrasimulation [14].

4 Basic parallel processes

A similar class to the pushdown processes that we consider is the class of the
basic parallel processes. Here the sequential composition replaced by the parallel
operator that just allows for interleaving, no communication.

We have a result that a bag (or multiset) is required instead of a stack to
reach an analogous result. We can now characterise a parallel pushdown process
as a process that can be written as a regular processes communicating with a
bag. See [5] for the details.

Moller has shown that there are basic parallel processes that are not context-
free nor pushdown processes. He even shows that there are parallel pushdown
processes that are not context-free nor pushdown nor basic parallel, making all
classes really distinct. See [12] for the counter examples.

5 Computable processes

Finally, we discuss the largest class of processes considered in our work called
computable processes. We define a computable process as a bisimulation equiv-
alence class of a computable transition system.

We show the following characterisation of computable processes (a precursor
of this result was presented in [2]): a process is computable iff it can be written
as a regular process communicating with two stacks. The two stacks emulate
the tape present in the classical notation of a Turing machine.
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